Degenerate parabolic problems in several space variables are approximated by combining a preliminary regularization procedure with a finite element extrapolation method.
Introduction.
So far, extrapolation methods have been mainly used for time discretization of mildly nonlinear parabolic PDE's [3] , [4] , [5] , [6] , [9] . The key idea consists of replacing at each time step a (mildly) nonlinear function of the solution by an expression involving only previous values of it. This leads to a linear elliptic PDE which can be further discretized in space. Efficient linear solvers can be eventually used to solve the resulting linear algebraic problem. The success of this technique is obviously based on having a quite regular solution in time. Such a regularity is unrealistic for degenerate parabolic equations because they give rise to rough solutions. There is indeed a lack of smoothness across the free boundaries which, in turn, are not known in advance [7] , [10] . A first attempt to overcome this situation might be to resort to a preliminary regularization [10] . However, the strong regularity required for a classical extrapolation method to work cannot be expressed in terms of the regularization parameter, making the algorithm mathematically intractable.
The aim of this paper is to present a new extrapolation method for degenerate parabolic problems. A preliminary regularization is essential for the algorithm to work, but it requires minimal regularity properties to be stable. We shall be dealing with the following degenerate parabolic equation in the cylinder Q = fix(0,T):
(1.1) ut-A0 = f(9), «€-7(0), where 7 denotes a maximal monotone graph with a singularity at the origin, ü C Rd (d > 1) and T < 00 is fixed; two-phase Stefan problems as well as porous medium equations are relevant examples. In addition, the graph 7 is assumed to have the form (1.2) 1 = nI + H, where p > 0, H is also a maximal monotone graph and / is the identity. For the simplest Stefan problem, H can be chosen to be the Heaviside graph, thus representing the latent heat content. In this case, H can be regarded as a phase variable, whereas 6 is the temperature and u the enthalpy (or energy density). We shall keep these names along the paper, even though their physical interpretation might be different.
The preliminary regularization procedure consists of replacing H by a smooth function H£ whose maximal slope is bounded by l/e; e > 0 is the regularization parameter. In order to introduce the extrapolation technique, it suffices to deal with a discrete-time algorithm; hereafter, r := T/N will indicate the time step. For 6n and xn being approximations to 0£{nr) and H£(9£(riT)) (1 < n < N), respectively, the standard (nonlinear) scheme corresponds to enforcing the nonlinear constitutive relation Xe = He{0£) also at the discrete level, namely, (1. 3) x" = He(ßn), \<n<N.
This leads to a sequence of nonlinear elliptic problems [8] , [13] , [14] , [19] . The present extrapolation procedure is motivated by the physical fact that whenever a mushy region occupies the entire domain 0, which turns out to be the most critical regularity situation, the function H£(6£) coincides with e~l6£. We thus extrapolate Xn as follows:
This is a very crude extrapolation formula in that it utilizes time regularity for 6£ rather than Xe\ note that Xe has very low regularity properties (uniformly in e). In contrast to the standard scheme, the new elliptic problem is linear in the unknown 0", namely,
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-G"-1 -H£{Sn-+ f(Gnf or 1 < n < N, where drf1 := T~l{r¡n -r/"_1). We further discretize this problem in space by means of continuous piecewise linear finite elements for the variable 0" and piecewise constants for xn ■ This is done in such a way that the right-hand side of (1.5) can be readily and exactly evaluated without using any quadrature formula. The matrix corresponding to the resulting algebraic problem is symmetric, positive definite and independent of n. Therefore, its Cholesky factorization may be computed only once at the very beginning, if a direct method is to be employed. In case the linear systems are solved by the conjugate gradient method, an approximate solution needs only be computed. Specifically, we shall show that an 0{t) tolerance for the error reduction is good enough to stop iterations and still preserve the overall accuracy; the required computational effort is thus nearly optimal. This result resembles that in [6] , but its analysis differs from the original one. A different linearization technique has been recently examined in [12] , [16] , [17] , [18] ; see also [11] , [15] for an account of the state-of-the-art on this subject. An incomplete iteration may be applied to this latter algorithm as well.
The fully discrete scheme associated with (1.5) is shown to be stable in energy spaces provided the initial temperature 0n satisfies 9q G Hq(CI); this ensures that 9t G L2(Q). Since (1.4) can be written equivalently as (1.6) xn = H£{Gn-1) + -dQn, we realize that a bit of time regularity for 0 is expected to enhance stability. Energy error estimates are next derived for both physical unknowns 9 and u = 9 + xAn 0(/i1/2) rate of convergence is proved under the mild constraints s = C\h, T = C2/13/2:, where C\ and Ci are arbitrary positive constants; as usual, h stands for the mesh size. The paper is organized as follows. In Section 2 we state the precise assumptions and regularity properties, and we also introduce the fully discrete scheme. In Section 3 we deal with the discrete initial data. In Section 4 we demonstrate stability in the natural energy spaces, whereas we prove energy error estimates in Section 5; in both sections we assume that the fully discrete problem is solved exactly. We finally investigate in Section 6 the effect of an incomplete iteration process.
The Extrapolation
Method.
In this section we state hypotheses, set notation and formulate continuous and discrete problems. (H"0) denote by fi+, fi° and fi~ the subdomains of Ü where 9c, > 0,9r, = 0 and 6q < 0, respectively, and assume that their (internal) boundaries T+ = dü+r\ü and r~ = dü~ n Q possess finite (ci -l)-dimensional Hausdorff measure; in addition, the initial enthalpy u0 satisfies u0 G 7(0O) and u0 G C°'1/2(ñ+) n C°^/2(Ù°) n C°'^2(Ù-).
Note that either set in (HUo) might be empty and that jump discontinuities across the initial interfaces T+ and T~ are allowed. Note also that the property w0 € C°'1/2(ñ+) (resp. C0*1/2^")) results from (Hflo) provided He C^^oo)) (resp. C0,1/2((-oo,0])), as happens for the Stefan problem. Let {&h}h be a family of partitions of Q into triangular finite elements so that fi = (Jsee ^-We assume that: (Heh) the family {&h}h is regular and quasi-uniform [2, pp. 132, 140] .
Quasi-uniformity is only used in defining the discrete initial temperature (see Section 3); it can be removed, thus allowing local refinements, provided 9q satisfies a nondegeneracy property as in [13] , [17] . We shall be dealing with finite element spaces V¿ and V° which satisfy
where Pl(S) indicates the space of polynomials of total degree not greater than i restricted to S. We shall also need a pair of projection operators associated with these two spaces. The first one, called P¿, is a projection operator onto V¿ defined by (2.2) (VP¿¿,Vc¿) = (Vz,Vc¿), VzeH¿(Q), c¿GV¿.
Hereafter, (•,•) will indicate either the L2-inner product or the pairing between Hq(Q) and H~1(Q). The second operator is the L2-projection onto V£, namely,
In view of (Hq) , (Heh) and (2.1) the following approximation properties hold [2] :
We conclude with some notation concerning the time discretization. Set tn := nr, 7" := (ín_1,ín] and also zn := z(-,tn) for all 1 < n < N and any continuous function in time defined in Q; recall that r = T/N stands for the time step and A'' is a positive integer. As usual, C > 0 will indicate a constant independent of relevant parameters involved, but not necessarily the same at each occurrence.
Continuous Problems:
Regularity. We now state the variational formulation of both (1.1) and its regularized counterpart along with their typical regularity properties.
PROBLEM (P). Find {u,6} such that (2.6) iiGLoo(0,T;L2(n))n//1(0,T;/i-1(n)), 9 G L2{0,T; H¿(U)),
and for a.e. t G (0, T) and all çà G Hq (0) the following equation holds, (2.9) (j£,<t^ + (V9,Vcf>) = (f(9),<fi).
Existence and uniqueness of (P) are well known as well as the following additional regularity result [7] , [10] : (2.10) if 90eH01{n), then 9 G ff^O.T; L2(ft)) f~l L°°(0,T; H¿{Q)). The regularity required in (2.12) is valid uniformly in e but, in view of the choice of the initial enthalpy in (2.14), property (2.10) does no longer hold. Moreover, the bound ll^-Hi^Q) < Ce-1'2 used in previous works [8] , [13] , [14] , [17] , [19] fails to hold in the present situation.
2.3. Fully Discrete Scheme. Let 6° G V¿ fulfil ||e°||//(i(n) < C, where C is independent of both h and e. In addition, set 6_1 := 6° and define a£(s) := e~1s -H£(s) for all s G R. The fully discrete extrapolation method is defined as follows:
PROBLEM (P£,h,r)-For any 1 < n < AT find 6" G V¿ such that Since P^8n_1 is constant on each finite element S (it is actually the value of 0n_1 at the barycenter of S), the right-hand side of (2.16) can be readily and exactly evaluated. Consequently, (2.16) is a practical scheme in that it can be easily implemented on a computer. Let M and K denote the matrices
where <pi is the ¿th element of the canonical basis of V¿ and tpj is the characteristic function of suppc/^ multiplied by (d+ 1)_1. Equation (2.16) can then be written equivalently in matrix form as follows:
here Rn~l depends only on 8n-1. We see that this problem is linear and that the corresponding matrix is symmetric, positive definite and also independent of n. This yields unique solvability of (2.16). When the bandwidth of the system (2.18) is reasonably small, a Cholesky factorization is recommended for its effective resolution [1], Such a factorization is to be performed only once at the beginning. Otherwise, when dealing with large bandwidths, such as those arising from adaptive algorithms, the (preconditioned) conjugate gradient method is preferred for solving (2.18) [1], [16] , [18] . The condition number fc(A) of A, and thus that of an eventual preconditioned matrix, is bounded uniformly in h because (2.19) Ahd < ^r-^< A~l{l+erh-2)hd, Vx G RJ,
Ilxll2
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and er = o(h2) (see Section 5) . Here, A > 0 indicates a constant independent of h, e and r. Consequently, the error reduction produced by the conjugate gradient method is given by <2-20> ":=2(^F^) k = ^-where k G N stands for the number of iterations [1] and Q is bounded uniformly in h. It will be shown in Section 6 that an 0(t) tolerance for pk can be used safely as a stopping criterion; hence, the lower bound (2.21) fc>/co:=logr/logQ is almost uniformly bounded for computational purposes. As a result, the associated incomplete iteration process discussed in Section 6 involves a nearly optimal computational labor.
3. Discrete Initial Data. Our present task is that of selecting the initial temperature 6° G V¿. We wish the following two properties to hold:
where ¿7°, the initial enthalpy, is defined by U° := p,P%G° + H£{P%Q°). The obvious choices 6° = P^o and 0° = IhOr, (Ih interpolation operator) fail to work in this context because the corresponding U° does not satisfy the error bound in (3.1), unless an initial nondegeneracy property is verified [13] , [17] . This condition prevents Problem (P) from having an initial mushy region. Since their presence is the major motivation for our extrapolation method, we would like to allow mushy regions from the very beginning, as stated in (H"0). Moreover, (HUo) together with (Hö0) implies that uo, and thus ß£(uo), is continuous everywhere but on the initial interfaces r+ and T~, where jump discontinuities might occur. We then define 9° G V¿ at each node x% to be (3.2) 8° := ß£ (limsupw0(a:) ) ;
note that 8° = ß£(ur,(xi)) for all x¿ ^r+uT". Hence, 0° is easy to evaluate in practice.
LEMMA 3.1. The initial data 8° and U° satisfy (3.1) provided e and h are subject to the mild constraint e2 < C*h, where C* > 0 is an arbitrary constant.
Proof. Let S G &h be given and let i¿ and Xj denote two of its vertices verifying 8°(:ri) > 8°(:Tj). In order to demonstrate the a priori estimate in (3.1), we distinguish three cases depending upon where S is located. Let 0£ be defined by n°:={xGfi:«o(x)G7£(/e)}-Assume first that S C H°\(r+ U r~). Since ß£{s) = es/{l + ep) for all s G 7£(/e), we can write This yields ||V80||£,°o(S) < C and completes the proof of the first estimate in (3.1).
The remaining one will be derived in L2(ü) rather than iY_1(0). Let S satisfy S n (r+ UT") =0. Since uç, is Holder continuous on S, there exists y G S such that P%G°{x) = ß£{uQ{y)) for all x G S. Then U°{x) -u0{x) = i£{ß£{u0{y))) -u0{x) = u0(y) -u0{x), Vz G S, which, in turn, leads to \\U° -«o||l°°(S) < Ch1/2. Finally, the fact that meas(F) < Ch implies ||Í70 -uo||l2(f) < Ch}l2 and concludes the proof of the lemma. □ 4. Stability. The aim of this section is to show that the fully discrete scheme (2.16) satisfies a discrete version of (2.10). < f E r|l^0enll!>(n) + C E Er2llOP°eíIIÍ2(n) + <?(1 + l|Ve°|||2(n,).
Collecting the above estimates and inserting them in (4.2), we easily obtain 771 METH^enlli2(n) + llvemll^(n) 77i n < (7(1 + ||V8°|||2(n)) + C £ £r2||dP°8122(n).
71=1 71=1 1=1
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The discrete Gronwall lemma finally yields the assertion. D Remark 4.1. Note that term III above can also be bounded by 771 -1 III < e"1 £ r||c9P°e"||22(n) + r(2£)-1||aP°8"l||22(n).
71=1
Consequently, arguing as before, we find the additional estimate (4.5) ^ax^ ||P°[9" -e«-1]!!^) < C{eryl2(\ + ||Ve°||L.(n)). □
The next a priori estimate resembles that in (2.6) for the continuous enthalpy u because r and s will be related in such a way that t = o(e). Making use of (4.4) coupled with (4.1), we easily conclude that wgjFR*r\\"l0)<c. This and the fact that H grows at most linearly at infinity, as stated in (H#), yields maxi<n<jv \\H£(P^@n~1)\\L2^ < C. Finally, in dealing with the rightmost term in (4.7) we resort to (4.5). These estimates clearly give the desired result. □ 5. Error Analysis.
In this section we shall demonstrate various energy error estimates for the physical variables 9 and u. Before we get started, let us introduce some further notation: e%--9-9£, e£u:=u-u£; e°:=u0-U°; eh6{t):=9£{t)-Gn, e£(i) := ue{t) -U", Vi G /", 1 < n < N.
We first recall a well-known result regarding the effect of the regularization procedure [8] , [13] , [14] , [17] , [19] . The next two results are independent of the particular choice of 9° made in Section 3; hence, they are valid for regular meshes that may have local refinements. Our main concern now is to prove an error estimate for the fully discrete temperature. To proceed further, we make use of a technique introduced in [13] . Namely, take (f> :-f P^eg(t) dt G V¿ as a test function in (5.3) and next add these equations from n=l to n -m<N. The resulting expression reads as follows: . "du, ds (s)ds (\\0£(t)\\"Hn) + \\Gn\\HHn))dt<CT. H-»(n) The last two terms are similar and, thus, can be analyzed in the same manner. By (2.4) and (2.12) (resp. (2.5) and (4.1)), we obtain £ h2 I3 (resp. I4) < gl|e-,£(e)IIÍ^(o,t-;L2(n)) +c'y! where C > 0 depends on ||ö£||L2(0iT;H(i(n)) (resp. £^=17"llenlli/i(n))-The above estimates lead to the following bound for I:
The next term in (5.4) provides the H1 -estimate. In order to prove it, we first need the following by-product of (4. For term III we use the duality between Hq(ü) and H 1(Q) to arrive at
Term IV is essentially due to the extrapolation algorithm and requires some time regularity for temperature to be treated. Indeed, we exploit property 0 < a'E < e_1 together with (4.1) and (2.12) to conclude 771 - Finally, application of the discrete Gronwall lemma enables us to control the rightmost term. We further exploit the fact that ¡0t9e(s)ds G L°°(0,T;/í2(O)) to get rid of P¿ on the left-hand side; this comes from integrating (2.15) on (0, i) and using (Hn) coupled with (2.12). Moreover, since ¡*6e{s)ds G i/1 (0, T;//¿(Í7)) C (7°'1/2(0, T\ H¿(il)), we readily obtain the desired estimate (5.2) . D
We now complete the error analysis with an error estimate for enthalpy. Remark 5.1. In view of (1.6) and (2.17) we realize that r must tend to 0 faster than £, therefore than h, for the discrete phase variable xn to converge to the correct limit. This, in conjunction with the fact that Problem (P) is not purely parabolic, partially justifies the relation r = C2/13/2. D 6. Incomplete Iteration Process. The object of this section is to show that whenever an iterative procedure is to be employed, Problem (P£)h,T) does not need to be solved exactly but rather approximately in the sense that only a prescribed error reduction must be imposed. This reduces considerably the computational labor and still preserves the overall accuracy discussed in Section 5. Our result is in the spirit of a former one in [6] for the standard extrapolation method, but the present proof is quite different from that in [6] because of the intrinsic lack of regularity associated with degenerate parabolic equations.
Suppose that the linear equation (2.16) is solved with an iterative algorithm, such as the conjugate gradient method, and that the initial guess is 9"_1. Then the incomplete iteration reads as follows:
Problem (Pe,hiT). For 1 < n < N let En G V¿ denote the exact solution to (6 1) (ß + e-^T-'iP0^ -Pft°9"-\<¿) + (VEn, V0> = (5a£(P,°9"-1),có) + (/(P°9"-1),0), Vc¿GV¿.
Then, define 9" G V¿ to be any iteration satisfying ||E"-9"||A (6.2) := {(/i + s-^r-MlP^H« -9"]|||2(n) + ||V[E" -9"]||22(n)}1/2 <2r||Hn-9"-1||A-Inequality (6.2) is the typical error reduction produced by the conjugate gradient method and can be transformed as follows: (6.3) ||En-9"||A <4r||9"-9"-1||A.
This results from taking r < 1/4. The error reduction (6.2) is the basic ingredient for stability and accuracy to be maintained, as we shall prove below. Whenever the conjugate gradient method is utilized, (6.2) provides the lower bound (2.21) for the number of required iterations. Equation The only novelty in analyzing stability and accuracy is the presence of the remainder Rn; so most details will be skipped. The first result extends Lemma 4.1 to this more general situation. The analysis of the first four terms is similar to that in Lemma 4.1. In particular, we now need the full expression of II, namely, l 1 1 m II = i||V9-|||2(n) -d|V8°||22(n) + -£ ||V[9" -9"-1 i"L2(n)-
We next evaluate the contribution due to V. By virtue of (6.3), we have Next, we make use of (2.4), in conjunction with (2.12) and (6.6), to split term VI as follows: as results from (6.3) and (6.6). A proper choice of 6 allows the corresponding terms to be absorbed into the left-hand side of (5. 
